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Lexis was an eminent statistician who wrote extensively on economics. As Keynes (1914) wrote: « Lexis was a worthy member of the band of veteran economists … who in the seventies and eighties of the last century raised so high a level the reputation of German economic science » (Keynes, 1972, p. 318) . 2 Bortkievicz defended Walras from Edgeworth's criticism of the second edition of Eléments published in 1889 (Bortkievicz 1890) . When Walras read that note, which was then the review, sent to him by Bortkievicz himself, he wrote to him that he had « a man capable of reading me attentively, understanding me perfectly, and capable of defending my point of view as well as myself, if not better » (letter of the 8 th of December, 1889).
at the centre of a lively discussion, above all in France, the United Kingdom and Italy, and also marginally in USA. For economists like Walras and Pareto, mathematics was a necessary tool to understand general relationships between variables and to make rigorous deductions through the representation of an economy by systems of simultaneous equations, and the general economic equilibrium was the field of application for mathematics par excellence (see Bouvier 1912 , Zawadski 1914 , Marchionatti-Gambino 1997 . In Germany, where the Historical School was largely dominant, mathematical economics had a very limited diffusion in the seventies and eighties. Likewise in Russia: in his first letter to Walras on 24th October/5th November 1887 (see Jaffé 1965, vol . II) Bortkievicz, at that time a young student deeply interested in economics, wrote that unlike the rest of Europe, where there was a certain number of scholars in mathematical economics, in Russia the predominant importance of the Historical School had, until then, prevented the diffusion of mathematical method and economic theory itself. Nevertheless, Bortkievicz believed that reaction to that school be inevitable in Russia as well. In the gradual establishment of a mathematical school in Russia, from the point of view of the method used, Walras was the essential reference. The peculiarity of the work of our author, however, is that in his examination of the theories of prices he used a 'classical' approach. This insistent reference to the classical economists is not surprising: classical legacy was well alive in these countries. In Russia, Ricardo's theory had been made available since the seventies by N. I. Ziber, professor of Political Economy and Statistics at the University of Kiev, an important figure in the Russian cultural panorama (see Scazzieri 1987) : Ziber considered Marx's theory a 'necessary' sequel to the teachings of Smith and Ricardo. With regard to Marx, as Schumpeter says:
Scientific work done on Marxist lines ... was until about 1930 so largely confined to German and Russian writers … It was in Germany and Russia only that Marxism exerted a strong influence upon the work of non-socialist economists: for a time, theory-minded economists had in these countries hardly any choice but to turn to Marx ... and Rodbertus … The relation between Russian and German Marxists remained very close (Schumpeter 1954: 878) .
In Russia, Das Kapital received a generally favourable reception from the publication of the first Book, as Marx himself recognized in his 1873 postface, and by the 1890's, interest in Marx became relevant in Germany as well (see Marchionatti 1998) . Since then, discussion of a possible synthesis of marginalist and classical political economy has not been uncommon, in particular by Michail Tugan Baranowski (see Nove 1987 and Timoshenko 1954) , for a long period privatdozent and then professor of Political Economy at the University of St. Petersburg, whose books, especially Theoretische grundlagen des Marxismus, published in 1905, exerted a wide influence on the Marxist discussion in Russia and Germany. It is a discussion that also involved Bortkievicz and another Russian mathematical economist of whom Bortkievicz adopted the algebraic method in his 1906-7 paper: Vladimir Karpovich Dmitriev, who, in the title page of the 1902 and 1904 editions of his Economic Essays on Value, Competition and Utility, promised an « organic synthesis of the labour theory of value and the theory of marginal utility ».
Actually between the second half of the 1890's and the end of the 1920's a group of Russian and German scholars set up an original programme of research characterized by the application of mathematical method to the theory of prices in a classical political economy framework. Ex post they probably deserve the name of Russian-German mathematical « school » of political economy, although they only partly worked as a real school (see Gilibert 1990) . In addition to Bortkievicz the members of this « school » may be considered: the already quoted Vladimir K. Dmitriev (1868 Dmitriev ( -1913 , the first Russian mathematical economist, a figure then forgotten in the history of economic thought and only rediscovered at the end of sixties (see Shaposhnikov 1914 , Nuti 1973 , Gehrke 1998 , the German mathematician Robert Remak (1888 -Auschwitz 1943 ?) (see Wittman 1967 , the Russian born economist Wassily Leontiev (born 1906 Leontiev (born -1999 , then a Nobel laureate in economics, and the Russian mathematician emigrated to Germany for political reasons Georg von Charasoff (1877-?) , who was the only « Marxist » of this group of scholars and, as far as we know, worked principally on his own (see Egidi-Gilibert 1984 and Egidi 1998) .
The use of mathematical method was the first element unifying these scholars. The peculiarity of the works of our authors, however, as we said above, is that in their examination of the theories of prices they always used a 'classical' approach, whether the subject of their inquiry was the defence and mathematical reformulation of Ricardo's and Marx's classical theory of prices against the criticism of Walras (on Ricardo) and Böhm-Bawerk and his followers (on Marx), or the issue of the rational system of prices in a centrally-planned economy, and the basic structure of that economy whatever its social and institutional features.
Ladislaus von Bortkievicz may be considered the leading figure of the Russian-German mathematical school of political economy. This role was probably also due to the fact that he was at the University of Berlin, one of the most important universities of Central Europe and, at the beginning of 1900, a very important centre of mathematical studies in Germany (see Begehr et al. 1998) . Although an effective group of followers was never formed in Germany, Bortkievicz's house in Berlin, as the Swedish statistician Oskar Anderson remembers (1932) , was for decades a place of pilgrimage, where scholars from different countries gathered to discuss problems and seek advice. Also many young Italian students of economics went to Berlin to attend Bortkievicz's lessons and seminars. This was testified by Vilfredo Pareto who, in a letter to Pantaleoni (13 th October 1907), complained of that. Among the students who studied in Berlin with Bortkievicz there are two of the economists above quoted: Wassily Leontiev and Robert Remak. Leontiev, after obtaining a degree in economics at the University of St. Petersburg in 1925, went to the University of Berlin to continue his studies with Sombart and Bortkievicz. There in 1928 he obtained his Ph.D. with a dissertation entitled «Wirtschaft als Kreislauf », in which, from a criticism of the separation between technology and economy as a necessary precondition for economic theorizing, he presented the economy as a system of circular economic interrelationships based on an objective technological framework. Leontiev (1991) [1927 [ to 1929 [ (see Ulam 1958 ]. In 1929, probably following Bortkievicz's suggestions, Remak carried out a study on the determination of rational prices for a centrally planned closed economy (Remak 1933) . This was probably a problem which Bortkievicz had found interesting since the end of the 1880s (see the letter to Walras of the 23 rd November 1887). The contemporary presence in Berlin of Von Neumann and Remak gave rise to the conjecture, advanced by Wittman (1967) and revived by Kurz and Salvadori (1993) and also accepted by Leonard (1995) , that in preparing his model, the young Von Neumann had in mind the model his older colleague had presented at a Berlin Mathematical Society seminar, which had been discussed and hardly criticized inside Berlin's Mathematical Institute 4 . This points out the existence of a probable connection between the Russian-German school and the reformulation of general economic equilibrium theory developed in the Thirties in Vienna. In any case the death of Bortkievicz in 1931 and then the tragic events in Germany and Austria when Nazism came to power, these theoretical contributions were broken off : they would have been resumed in United Kingdom and in United States; but in the new contexts the connection with Bortkievicz and the Russian-German school seemed to be, with the probably partial exception of the Sraffa's case, irremediably lost.
Bortkievicz's Neo-Ricardian contribution
In economics, Bortkievicz was principally a follower of Walras. He considered the French economist, as he once wrote to him, his « master in pure political economy » from whom, he said, « I accepted the theoretical system to the extent that it is inherent in my way of conceiving the economic world » (letter of 13 September 1891 , in Jaffé 1965 . His interest in Ricardo and Marx was, according to himself, not inconsistent with his Walrasianism: as already said, he maintained that general equilibrium analysis was the wider setting within which to insert cost equations determined in the Ricardian model. This model, elaborated in his 1906-7 article, written when he was at the University of Berlin, represents Bortkievicz's most important achievement.
The Marxian issue of transformation in Bortkievicz's analysis
In his article Bortkievicz examined the Marxian issue of the transformation of values into prices of production, an issue which the third volume of Das Kapital, published in 1894, had set at the centre of an important debate. Bortkievicz reviewed several criticisms of Marx and in his assessment of the problem adopted Lexis' reviews of the second and third Book of Das Kapital (1885 and 1895) as his methodological starting point. Lexis considered Marx a Ricardian and related Marx's ideas to those of Ricardo and Quesnay: Marx resembled Ricardo « in method and in cast of mind », and Ricardo supplied Marx with the point of departure for a system which could essentially be considered a development of Ricardo. With regard to the transformation of value into prices of production, he thought Marx's solution « simple and obvious » and showed that there was no fixed relation between the value and the actual prices of commodities. He maintained that value is a purely theoretical construct -rejecting Engels' idea of a historical dimension to the transformation problem -, an « imaginary and unreal conception of value » but « a convenient introduction » to the analysis of capitalistic production 5 . Bortkievicz conceived his work as an integration of Lexis' criticism and a complete examination of the mathematical transformation of value into prices of production. His aim was to elaborate a scientifically effective answer to Böhm-Bawerk's challenge to the Marxists: in 1896 Böhm-Bawerk had published a criticism of Marx which had a considerable impact on the economic profession. In the final part of this essay, turning his attention to Sombart on Marx, and admitting the difference between objective and subjective investigative methods that separated himself from Marx, Böhm-Bawerk claimed to be criticizing Marx not on his choice of method but for « his mistakes in the application of his chosen method », thus implicitly launching a challenge to the Marxist to show that an objective theory of prices was possible. In order to do this, Bortkievicz had to formulate a logically consistent objective theory of prices.
Bortkievicz's model offered a solution to the price problem from the neo-Ricardian perspective begun by Dmitriev, whose algebraic method (from his work on Ricardo) Bortkievicz adopted. In his first essay « The theory of value of D. Ricardo » (1898) Dmitriev rejected Walras' criticism of Ricardo: Walras had accused Ricardo of trying to make 'one equation determine two unknowns' by suggesting that price is determined by the cost of production, consisting of profit plus wages and profit determined as the difference between aggregate prices and wages. Using the mathematical method, Dmitriev was the first to rigorously demonstrate that Ricardo's theory was immune to Walras' criticism; he was also the first to define the mathematical core of classical thought on value and to define Ricardo's inquiry as dominated by his theory of profit -a thesis then sustained by Bortkievicz and later by Sraffa in his introduction to Ricardo's Works and Correspondence (1951).
The model
Dmitriev and Bortkievicz had different purposes in writing their essays: the aim of Dmitriev was the defense of Ricardo's theory of value from Walras' accu-sation of circular reasoning, while Bortkievicz intended to solve the Marxian problem of the transformation of values into prices of production. Nevertheless, their mathematical models of price theory are formally the same. We may, therefore, refer to a unique « Dmitriev-Bortkievicz model », whose basic assumptions are known technology of production, constant returns to scale, no rent and single production (n commodities produced by n industries).
In the equations below, we use the following notation:
j= 1 a j -l = Unit cost of, in Sraffa's terminology, the 'basic commodity': for Dmitriev and Bortkievicz, as well as Ricardo and Marx before then, « basic commodity » being the human labor 6 , l is the real wage
-t i 1 , t i 2 ,…, t i m = Turnover periods with regard to production and distribution of wage-commodities (i = 1, …, n). We assume they are different, such that t i 1 < t i 2 < , …, < t i m (i = 1, …, n), and assuming that the total costs of each commodity are distributed in the m turnover periods t i 1 < t i 2 < , …, < t i m , that is expenses are la i 1 , la i 2 ,…, la i m in t i 1 < t i 2 < , … , < t i m . We write the following system of n equations for (n + 2) unknowns,
Following the classical economists, Dmitriev and Bortkievicz considered human labour as a basic commodity but were also aware that it was possible to remove this restriction, thus extending their conclusions to any basic commodities. Dmitriev (1904) wrote: « the starting point for Ricardo's analysis was provided by the present-day capitalist system based on the use of hired human labour; it would, however, be extremely erroneous to imagine that the conclusions at which he arrived have a bearing only on the present time » (p. 61). Therefore they tried to demonstrate (not always correctly, as Garegnani 1960 noted) that their expressions are valid in a set of cases: a) with regard to the quantity of basic commodity employed, with one basic commodity only or with a basket of basic commodities in fixed proportions; b) with regard to the type of basic commodity employed, with only current labour (Marx's 'variable capital') or circulating and fixed capital; c) finally, with regard to the time of utilization, with a basic commodity totally anticipated or entering the product price bit by bit. Dmitriev concluded: «We have therefore seen, proceeding from Ricardo's analysis, that the origin of industrial profit does not stand in any 'special' relationship to other production processes provided that they satisfy the quite definite conditions stated above » (p. 64). Bortkievicz (1907) maintained: « Equation ( i ) thus proves to be the general expression for the price of a commodity. This is so independently of the circumstance whether, and to what degree, the production of this commodity has required not only variable capital, but also the use of constant capital, either circulating or fixed. This theorem ... agrees essentially with Ricardo's theorem that all differences between commodities with regard to the greater or smaller contribution made by fixed capital in their production, can be traced back to differences in the length of their period of production » (p. 253).Thus, according to both Dmitriev and Bortkievicz, the model is not only a model of 'production of commodities by means of dated labour', as it appears at first glance, but a more general model of 'production of commodities given an initial condition', a commodity or any other type of energy (human labour or otherwise).
which define the general relation between commodity prices and production costs, using the same commodity unit. To find a solution we must add: 1. the price equation of the commodity which serves as a measure Thus, we can calculate the rate of profit ( as a function of technical productive conditions of the « basic commodity »
and, substituting the value of ( into the equation (n + 1), we can obtain the value of l, and therefore the commodity prices y i (i = 1,…, n) 7 . We should note that in the Dmitriev-Bortkievicz model, the price of commodities is shown independent of the wage-rate. A change in the rate of profit does not cause any change of prices in the same direction, either: the rate of profit « depends only on those amounts of labor and those turnover periods which concern the production and distribution of the goods forming the real wage-rate » (p. 263).
Finally, from the equation (n + 2) from which (I) is obtained, it is easy to demonstrate that:
1. the turnover periods t n+2, j (j = 1, …, m) being finite values, the condition A n+2 = ∑ m j= 1 a n+2, j < 1 implies ρ > 0; 2. the function f l is decreasing both in a n+2, j and in t n+2, j : this means that the rate of profit is smaller the greater the quantity of labor necessary to produce the commodity, if the turnover periods are equal, or the greater the time passing from the moment in which the labor is employed until the moment in which the finished good is produced, if the quantity of labor employed is equal. 180 R. MARCHIONATTI and R. FIORINI 7 According to many historians, what separates Bortkievicz in a distinct way from his predecessors is that he demonstrated, clearly and unequivocally, that value is not an autonomous concept, but simply a particular case of the theory of prices. His proof consisted in certain successive steps. Firstly, he clarified the significance of the concept of « value » (relative and absolute) and « price of production » (in brief, the price « which is essentially the same as natural price of classical economists »). Absolute value is the « quantity of labor employed in its [the commodity] production » (Bortkievicz 1907, p.239) Leontiev and Sraffa » (Samuelson 1971, p. 400 ) and defined Sraffa's book a classic. However the significance of the book, in the absence of any explanation of its genesis by Sraffa himself, has been a matter of extensive debate in which the disagreement has prevailed 8 . During the last few decades some scholars (see Nuti 1974 , Marchionatti 1981 , Gilibert 1990 , Samuelson 1991 have emphasized the existence of an interesting theoretical connection between Sraffa's approach in Production of Commodities and the works of the Russian-German mathematical economists from the beginning of the century -principally Bortkievicz and Dmitriev. A systematic analysis of this relationship has however been lacking. In Sraffa's unpublished papers at Wren Library, Trinity College, Cambridge, a notebook on Bortkievicz is kept, but it was written in the forties, a time by which the « central propositions » of Production of Commodities by means of Commodities had already been completed. Sraffa himself informs us, in the preface to Production of Commodities, that « the central propositions had taken shape in the late 1920's », whereas other particular points « such as the standard commodity, joint products and fixed capital, were worked out in the thirties and early forties » (p. v) 9 . On the basis of the available evidence it is not possible to suggest that Sraffa could have taken Bortkievicz or Dmitriev as a starting point for his work or found the idea for his book in their works: no such evidence exists anywhere in Sraffa's published and unpublished papers. Of course, it is possible that Sraffa, in his Italian years, had some knowledge of Dmitriev and Bortkievicz, since they were known in the intellectual circles of Italian economists at the beginning of the century -as cited above, Pantaleoni and Pareto on Bortkieivcz ; moreover Achille Loria quoted Dmitriev in Loria (1922) In his important commentary on the book, Newman (1962) pointed out that some of the first reviewers had considered it a great theoretical advance, while others had judged it as just another Leontief-type model, original only from its subjective point of view. Newman ascribed these differences of opinion to the extreme difficulty of the work: « compressed and mathematically incomplete as it is, the main trouble lies not there, but in wrenching oneself out of the more usual Walrasian approach to general equilibrium, and in substituting a Ricardian viewpoint » (p. 58). Actually, in the following years, many scholars tried to show that Sraffa's work represented the rehabilitation of the classical objective theory of value and distribution against marginalist subjectivism, and the demonstration that the Ricardo-Marx approach was logically consistent (see, for example, Steedman 1977 , Roncaglia 1978 , Garegnani 1984 , Eatwell-Panico 1987 . Different and opposing judgements, however, were not absent, as is evident in the perspectives of Napoleoni (1976) and Samuelson (1987). autonomously. The appearance (or reappearance) of similar theoretical positions in different places independently, is certainly not unusual in the history of ideas. In any case the evolution of Sraffa's thought -which, we could say, represents an uninterrupted dialogue with the classical economists in the elaboration of an antimarginalist programme -appears so original that the question of the historical relationship between him and the Russian-German school does not seem so relevant from a theoretical point of view. Instead, what is theoretically relevant are the close similarities in the interpretation of classical economists and the analytical translation of their vision of economic process. The following pages deal with the theoretical relationship between Sraffa's central proposition and the BortkieviczDmitriev model presented above.
Sraffa's Production of Commodities by means of Commodities «central propositions»
We consider the first two and a part of the sixth chapters of Sraffa's book, which contain his central model 10 . It represents an economic system where there are n industries, n commodities and n × n relations between them (known as « methods of production »). The basic assumption of the model are: the process of production is circular (that is the products are also the means of production and 182 R. MARCHIONATTI and R. FIORINI 10 We adopt Sraffa's mathematical language and demonstrative techniques. It is common opinion that Sraffa's analysis is, from a mathematical point of view, incomplete and unsatisfying: a) the hypotheses are not listed in order and are often to be extracted from footnotes, the use of the axiomatic method does not appear explicitly, theorems used are implicit; b) the algebra is elementary. Sraffa's use of it seems to be -unlike Bortkievicz, for whom algebra was a scientific achievement compared to the previous arithmetical techniques used -a device in order to make the notation adopted « easy to follow for the non-mathematical reader », explicitly admitting that he did not always follow « the expert advise » given to him from mathematicians like A.S. Besicovich, F. Ramsey and A. Watson; c) Sraffa, like Dmitriev and Bortkievicz, did not dealt with the problem of the existence of an economic, not only mathematical, solution to his system of equation, but simply used the method of « counting equations and unknows ». With regards to the first point, it should be noted that, as shown in our exposition of Sraffa's model, the hypotheses, the theorems used and the axioms can be made explicit without difficulties. As regards the second point, the propositions of the book can be translated in the language of matrix algebra. After the publication of Sraffa's book, economists and mathematicians, actually, tried to do it, using topological structures and the linear operator theory. But why did Sraffa himself not use these techniques extensively, which he certainly knew ? A reason for this may be found, as Dore (1989) maintains, in the fact that the consequences of the utilisation of matrix algebra is the implicit introduction of the hypothesis of the constant return of scale, as matrices are definable up to a multiplicative constant. With regards to the third and final point, at a first glance it seems that Sraffa referred to a preaxiomatic mathematical tradition typical of the nineteenth century. As a matter of fact, it seems more plausible to think that Sraffa's mathematical notation is the result of a carefully considered choice, « although admittedly open to objection in some respect » (Sraffa 1960, p. vii) . Sraffa, in contrast to the convention among mathematicians of reducing explanations to a minimum and stating assumptions as concisely as possible, preferred to give examples and descriptions of his argument, in order not only to ease the reader's task of comprehension but also to maintain some references to empirical economic processes. In other words, Sraffa's object might have been to show that the language of rigor in economics does not necessarily imply the adoption of a language reduced to a manipulation of symbolic strings. In this manner, he could manifest his criticism of Hilbertian mathematical formalism in economics as adopted by the Viennese theoreticians of the General Economic Equilibrium.
there are no other means of production apart from the products); the total quantities of each product and the production technology are given; commodities are divided into basic and non-basic and the system contains at least one basic commodity -a basic commodity enter directly or indirectly into the production of any other commodities -; the wage is variable and paid post-factum as a share of the annual product.
We can write the following system of n equations for (n + 2) unknowns, y i , r, w: (a i 1 y 1 + a i 2 y 2 + … + a i n y n ) (1 + r) + L i w = A i y i (i = 1, …, n) ( II ) with the following constraints
where:
-A i (i = 1,…, n)= quantities of commodities annually produced (A i > 0) -a i j (i , j = 1, …, n)=technical coefficients of production (that is the quantity of commodity i used by the industry j to produce a unit of commodity j, which can be positive or zero) -w and r are respectively the wage-rate and the rate of profits To solve the system (II), Sraffa, instead of arbitrarily choosing a single commodity in terms of which the other prices may be expressed, assumes as a standard a « composite commodity » that is the set of commodities of which the national income is composed: the value of this commodity is set up to unity. We have therefore the additional equation
j= 1 a n j ) y n = 1 and the system becomes of (n + 1) equations with (n + 2) unknowns, y i , w and
This system has one degree of freedom: in order to solve the system of equations, one of the two distributive variables -wage or rate of profits -has to be fixed.
In the sixth chapter of his book, Sraffa presents « the reduction to dated quantity of labour » by which prices are considered « from their cost of production aspect, and the way in which they resolve themselves into wages and profits » (Sraffa 1960, p. 34) . Taking the equation which represents the production of a certain quantity of a commodity A i A i y i = L i w + (1 + r) ∑ n j= 1 a i j y j Sraffa points out that (1 + r) ∑ n j= 1 a i j y j , i.e. the value of the means of production used to produce A i , is itself a commodity, produced a year earlier and multi-plied by a profit factor (1 + r) at a compound rate for the appropriate period; thus it can be replaced with its means of production and the quantities of labour employed in its production. This procedure can be repeated, backwards through the years, replacing the means of production with their own means of production and quantities of labour, and applying to the formula a profit factor for the appropriate period. In the end, we obtain the following « reduction equation » for the product i, « in the form of an infinite series » (ibid. p. 35):
where L i j (j = 0,1, …, n) are the quantities of labour employed in the production of the commodity i in the year t -j, t being the current year. The general term of the series is L i n w (1 + r) n in which the quantities of labour are « dated », i.e. a different weight is applied to them depending on the time of utilization, w (1 + r) n . In this way, the price is resolved into wages and profits, but not totally because « beside the labour terms there will always be a 'commodity residue' consisting of minute fractions of every basic product » (ibid. p. 35) 11 . Let us go back to system (II). If we let w be an independent variable which move from zero to 1, we have three remarkable cases:
The whole national income is resolved into wages and r = 0: the system is in a strict self-replacing state. Sraffa emphasizes that this is the only case in which the classic theory of labour-value is valid.
w = 0
The whole national income is resolved into profits, and the rate of profits is at its maximum (R); it should be noted that this is equal to the proportion between the value of net product and the value of the means of production not only in the whole system but also in each industry. Moreover, in this case, in the equations of model ( II ), commodity prices are proportional to the quantity of capital used to produce them: we have what may be called a capitalvalue theory.
3. 0 < w < 1, 0 < r < 1
We have two cases, depending on the technology of production: a) Labour and means of production are used in the same proportions in the different industries. In this case there is an inverse proportion between rate of profits and wage so that a change in the rate of profits is reflected by proportional, but in an inverse direction, changes in the wage rate: there are therefore no changes in the price system; b) Labour and means of production are employed in different proportions in the various industries (this is the general case). In such circumstances, prices will change.
In case b, the relationship between wage and rate of profits becomes more complex, although one continues to be a not increasing function of the other. To analyze the effects of wage changes on the commodity prices it is necessary to solve a priori the problem of isolating the price-movements, so that they may be observed as in a vacuum. In other words, a commodity must be found (or created ad hoc) for use as an absolute measure of value: the standard commodity. Analysis of standard commodity as well as joint production is not considered here, since these do not belong to the « central propositions ». Nevertheless, it should be emphasised that with the standard commodity Sraffa is able to demonstrate the convergence of the series of reduction to dated quantities of labour which leads to some crucial consequences for his analysis:
• firstly, the impossibility of defining the determining factors of prices: in fact, unvarying the methods of production and varying the rate of profits, a permanent change in the price system emerges (which also means the price system is not stable), and price-movements cannot be reconciled with any conception of price-determination independent of distribution.
• secondly, the criticism and refusal of the old neo-classical idea (of Wicksell and Böhm-Bawerk) of capital (conceived as an aggregate of means of production) as a measurable quantity independent of distribution and prices. Actually, the term of the series in position n reaches its maximum at a value of the rate of profits depending on n, i.e. on the stage of production: this fact explains the complexity of the relation between rate of profits and commodity prices. Thus, according to Sraffa,
The reversal in the direction of the movement of relative prices, in the face of unchanged methods of production, cannot be reconciled with any notion of capital as a measurable quantity independent of distribution and prices. (Ibid.)
A Comparison between the models of Sraffa and Dmitriev-Bortkievicz
Dmitriev-Bortkievicz model makes three assumptions -given technology, constant returns of scale and no rent -but only the first one is mandatory, in order to guarantee the same number of equations and unknowns and thus the existence of a solution of the equations system 12 . Now let us compare the two models:
• Sraffa's system of single-product production with surplus
The hypothesis of no rent was introduced by Dmitriev for two reasons: a) to make the price a function of only two factors (wage and profit) instead of three (wage, rent and profit), as Smith thought; b) to guarantee a uniform rate of profit in the various industries possible: in fact, the absence of rent means that all the capital units employed in the production are productive in the same way and, as a consequence, the analysis becomes easier, profit being now only a function of the capital employed and turnover periods. Bortkievicz demonstrated that you could replace the no rent hypothesis with a uniform rate of profits without any impact on results.
• and the Dmitriev-Bortkievicz model
For reasons of comparison, some modification of the original assumptions has to be made. In particular, in Sraffa's model we must:
• normalize output A i , i.e. set A i = 1 (i = 1, …, n)
• assume the wage anticipated at the beginning of the period of production (the classical hypothesis).
Thus, Sraffa's model becomes:
At this point, we may follow two different procedures, depending on the results we wish to obtain:
• If we want to reduce the commodity prices to one, as the old classical economists used to do with the labour commodity, we have to « reduce » Sraffa's system, after the introduction of the aforementioned assumptions, to dated quantities of labour. The modified model is:
This is the same as the Dmitriev-Bortkievicz model, where
The only difference is that in Sraffa's system, in addition to the terms which represent quantities of labour, there is a «'commodity residue' consisting of minute fractions of every basic product » which, however, « by carrying the reduction sufficiently far » (Sraffa 1960, p. 35) , can become « so small as to have, at any prefixed rate of profits short of R, a negligible effect on price » (ibid.).
• If we want to generalize to any basic commodities, we have to change the variables and assume the turnover periods t 1 = t 2 = … t n = 1 in the DmitrievBortkievicz model. In this way, we obtain the modified model:
In both ways we have shown that the two models may be reduced, from the mathematical point of view, to a single model, which we may call the 'Neo-Ricardian model'. We should emphasize however that, taking into account more or less the same system of equations, the procedures adopted to solve it by Dmitriev and Bortkievicz, on one hand, and by Sraffa, on the other, were different. In fact, Sraffa abandoned the classical way of arbitrarily choosing a commodity as a standard, for example setting y n = 1, to reduce the unknowns from (n + 2) to (n + 1), and introduced an additional equation (the set of commodities, or composite commodity, which forms the national income, made equal to unity) to increase the total number of equations.
On the differences between Sraffa and Bortkievicz
The fundamental difference between Bortkievicz (and Dmitriev) and Sraffa lies in the different aim of their research programme: the Italian economist's one was not simply to prove the logical consistency of the classical approach, but rather to demonstrate that it could be a general theory, alternative to marginal theory 13 . From this point of view, the hypothesis of returns of scale was crucial. Sraffa adopted a very different position from Dmitriev and Bortkievicz, who, in their models assumed constant returns of scale. A key achievement of Sraffa's criticism of the Marshall theory of value in 1925 and 1926 was to re-evaluate the classical approach of normal value under perfect competition: he explained the inadequacies of the Marshallian treatment of variable costs and the difficulties of co-ordinating the laws of returns under competitive conditions in a partial equilibrium context and maintained that a foundation of the theory of normal value had to refer to the classical approach that assumed the invariability of costs. Sraffa argued that « only the case of constant returns was generally consistent with the premises of economic theory » (p. vi). A few years later, however, in 1928, he came to the theoretical conclusion that the assumption of constant returns was not necessary in order to determine prices in a classical theoretical context, as is shown in a draft of the opening propositions of Production of commodities read by Keynes. The significant implication of making no assumptions on the nature of returns -that is, separating the issue of price determination from the problem of quantity determination -was that the marginal method could be totally abandoned:
without change either in the scale of an industry or in the 'proportions of the factors of production' there can be neither marginal product nor marginal cost (Sraffa 1960, p. v) .
On the basis of his new theoretical assumption regarding the returns to scale, Sraffa implicitly reconsidered the models à la Dmitriev-Bortkievicz, which depicted the system of production and consumption as a circular process, emphasizing their « striking contrast to the view presented by modern theory, of a one-way avenue that leads from 'Factors of production' to 'Consumption goods'» (Sraffa 1960, p. 93) . From this perspective, those interpretations of Production of Commodities which consider the schema of the book a Walrasian semi-general economic equilibrium in which prices are independent of demand, as in the Non-Substitution Theorem (see Samuelson 1987) , seem unable to grasp the purpose of Sraffa's research programme and his theoretical originality.
-CONCLUDING REMARKS
The classical-Ricardian approach to the theory of prices developed by Ladislaus von Bortkievicz, who was the leading figure of the Russian-German mathe-matical school of political economy, represents one of the most interesting achievements of the theoretical economic debate in Europe between the 1890's and the 1920's. Two issues were paramount: the defence of the classical approach against Walras' and Böhm-Bawerk's criticisms, and the possible synthesis between classical and marginal theories of value. Bortkievicz, along the basis laid by Dmitriev, succeeded in reformulating the problem of price determination in Ricardo and Marx. In Dmitriev and Bortkievicz's works the classical revival appears to have been an attempt to correctly re-elaborate the theory of the cost of production using the mathematical method to show that price can be reduced to « elements independent of the subjective aspect of economic calculus » (ibid.). Renouncing what they considered the metaphysical investigation of the 'absolute value' problem, which had occupied Ricardo and Marx, Bortkievicz extracted the mathematical core of the classical theory of the cost of production, elaborating a scheme of production of commodities by means of commodities (or dated labour), in which the old theory of labour value represented only a particular case. Ricardo and Marx, in their theories of price formation, « held firmly to the view that the elements concerned must be regarded as a kind of casual chain, in which each link is determined, in its composition and its magnitude, only by the preceding links », Bortkievicz wrote (Bortkievicz 1907, p. 257) and called this trait of the Marxian system successivism, recalling Marshall's writings on Ricardo:
Modern economics is beginning to free itself gradually from the successivist prejudice, the chief merit being due to the mathematical school led by Léon Walras. The mathematical, in particular the algebraic method of exposition clearly appears to be the satisfactory expression for this superior standpoint, which does justice to the special character of economic relations (ibid. p. 257) In a footnote, Bortkievicz added: « the dispute between the followers of the theory of costs of production and those of the theory of marginal utility is mainly a result of the successivist prejudice » (ibid. p. 289) -a thesis confirmed in his 1922 essay -which referred to Cassel (1899) , who sustained a similar position. It is evident then that an organic synthesis of classical and marginal theories of value, based on the new methodology, was a programme common to many economists at that time.
In the thirties this programme broke up and split into different paths: one such path may be seen in the program of reconstruction of the general economic equilibrium theory developed in Vienna by Schlesinger, Wald and Von Neumann; another may be found in Leontiev's input-output line of research; and finally, there is the one which leads to Piero Sraffa's anti-marginalist research programme. It was certainly Sraffa who offered a model which was analytically and conceptually very close to Dmitriev's and Bortkievicz's ones: although the Italian economist did not simply stressed the logical consistency of the classical approach, but also tried to demonstrate that it could be a general theory, alternative to marginal theory, it seems reasonable to individuate the theoretical genesis of Sraffa's 1960 book in the intellectual background reflected by Bortkievicz and the Russian-German mathematical school of political economy.
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